Spherically averaged center-of-mass-motion ͑extracule͒ densities d(R) in position space and d ( P) in momentum space represent probability densities of finding center-of-mass radii ͉r j ϩr k ͉/2 and ͉p j ϩp k ͉/2 of any pair of electrons j and k to be R and P, respectively. Theoretical analysis shows that in the Hartree-Fock approximation, the individual spin-orbital-pair component of the extracule density has a definite relation with the corresponding one of the relative-motion ͑intracule͒ density, but the total extracule and intracule densities are not related in a simple manner. Using the numerical Hartree-Fock method, the extracule densities d(R) and d ( P) are constructed and examined systematically for the atoms from He to Xe in their ground state. In position space, the extracule density d(R) is a monotonically decreasing function for all the atoms. In momentum space, however, the extracule densities d ( P) are found to be classified into two types according to the location of a maximum. These different behaviors of the densities d(R) and d ( P) are studied in detail based on the contributions of electrons in a pair of atomic subshells and spin orbitals.
I. INTRODUCTION
The electronic relative-motion ͑intracule͒ I(u) and centerof-mass-motion ͑extracule͒ E(R) densities, introduced by Coleman ͓1͔, are a couple of electron-pair densities useful to elucidate the motion of a pair of electrons in atoms and molecules ͑see, e.g., ͓2͔ for a review͒. The intracule density I(u) and its spherical average h(u) are the probability density functions for the relative vector r j Ϫr k and its magnitude ͉r j Ϫr k ͉ of any pair of electrons j and k to be u and u, respectively. They have been used in several physical and chemical contexts, particularly in relation to the electron correlation problem ͑see references given in Refs. ͓2-4͔͒. The momentum-space counterparts Ī(v) and h (v) have been introduced as well. Accurate Hartree-Fock values of the intracule moments ͗u n ͘ in position space and ͗v n ͘ in momentum space have been reported ͓3͔ recently for the atoms from He to Xe in their ground states, together with a systematic examination ͓4͔ of the spherically averaged intracule densities h(u) and h (v). The extracule density E(R) in position space represents the probability density function for the center-of-mass vector (r j ϩr k )/2 of any pair of electrons j and k to be R, and is defined by 
and contain information about the location of electron pairs. The momentum-space extracule density Ē (P) and its spherical average d ( P) are defined analogously by
where Pϵ( P,⍀ P ) and ⍀ P ϵ( P , P ). The functions Ē (P) and d ( P) are probability densities for the center-of-mass momentum vector (p j ϩp k )/2 and its magnitude ͉p j ϩp k ͉/2 of any pair of electrons j and k to be P and P, respectively. Evaluation of accurate Hartree-Fock values of the electronic extracule moments ͗R n ͘ and ͗P n ͘ has been performed ͓5͔ very recently for the atoms He through Xe in their ground states. However, only a few studies are reported on the extracule densities of specific atoms and molecules ͑see references given in Ref.
͓5͔͒. Moreover, all these studies are based on basis-set-expansion wave functions, and no accurate and/or systematic results concerning the distribution of extracule densities are known even for atoms.
In the present paper, we report accurate Hartree-Fock extracule densities d(R) in position space and d ( P) in momentum space for a series of 53 atoms from He (Zϭ2) to Xe (Zϭ54) in their ground states, where Z stands for atomic number. The numerical Hartree-Fock method is used instead of the conventional Roothaan-Hartree-Fock or basis-setexpansion method. The next section explains the theoretical structure of the extracule densities in position and momentum spaces. It will be also clarified that a spin-orbital-pair component of the extracule density has a definite relation with the corresponding component of the intracule density in the Hartree-Fock framework. In Sec. III, the computational details are described and in Sec. IV the results are presented and discussed. A systematic analysis shows that in position space, the extracule density d(R) is a unimodal function with a maximum at Rϭ0 for all the 53 atoms. In momentum space, on the other hand, the extracule densities d ( P) are found to be classified into two types; ͑i͒ 42 atoms have a unimodal density with a maximum at Pϭ0, and ͑ii͒ 11 atoms have a unimodal density with a local minimum at Pϭ0 and a maximum at PϾ0. These different features of the densities d(R) and d ( P) are discussed in detail based on the contributions of electrons in a pair of atomic subshells and of atomic orbitals. Hartree atomic units are used throughout this paper.
II. THEORETICAL STRUCTURE OF EXTRACULE DENSITY

A. Extracule density in position space
We consider the case where a Hartree-Fock wave function of an N-electron system is expressed by a single Slater determinant of N spin orbitals j (r) j (). Then, using the Condon-Slater rule ͑see, e.g., ͓6͔͒, we can rewrite the spherically averaged extracule density d(R), defined by Eq. ͑1b͒, as a sum of contributions d jk (R) from pairs of spin orbitals j and k:
where j l (x) is the lth-order spherical Bessel function of the first kind and
is the characteristic function of d jk (R), in which
In Eq. ͑5a͒, the Kronecker delta ␦ m s j m sk is unity if the two spin orbitals j and k have the same spin and zero if j and k have different spins. If we further restrict ourselves to atomic systems where the spatial function j (r) has the form
with Y lm (⍀) being a spherical harmonic and rϭ(r,⍀ r ), the explicit forms of D j j,kk and D jk,k j appeared in Eq. ͑5a͒ are obtained ͓5͔ as
where the summations run over every other integer between the specified values, the symbols a k (lm;lЈmЈ) and b k (lm;lЈmЈ) are Condon-Shortley parameters ͓7͔, and
B. Extracule density in momentum space
A momentum-space N-electron wave function is given by the 3N-dimensional Fourier transformation of the corresponding position-space wave function. Then the HartreeFock wave function in momentum space has exactly the same determinantal structure as that in position space, provided that a position orbital k (r) is replaced with the corresponding momentum orbital
Expanding exp(Ϫip•r) in Eq. ͑9͒ by means of plane waves ͓8͔ and integrating over the angular variable ⍀ r , we find the momentum orbital corresponding to Eq. ͑6͒ to be
where pϭ(p,⍀ p ) and
Consequently, theoretical structures of the spherically averaged extracule density are the same in position and momentum spaces, and all the position-space results explained in Sec. II A hold in momentum space as well, if we replace d(R) with d ( P) and R k (r) with P k (p).
C. Relation between extracule and intracule densities
There are some general relations between the extracule d jk (R) and intracule h jk (u) density components arising from two spin orbitals j and k. Comparison of the structure of extracule densities given in Sec. II A with that ͓4͔ of intracule densities shows that the two components of their characteristic functions satisfy
We immediately obtain
if m s j m sk or if m s j ϭm sk and l j ϩl k ϭeven, and
if m s j ϭm sk and l j ϩl k ϭodd. Thus the intracule and extracule densities are not completely independent as suggested previously ͓5,9͔. A special case of Eq. ͑13a͒ for m s j ϭm sk , l j ϩl k ϭeven, and Rϭ0 gives the electron-electron counterbalance and coalescence ͑or Fermi͒ holes ͓10͔ d jk (0) ϭh jk (0)ϭ0 simultaneously. The same discussion holds in momentum space. If the second term on the right-hand side of Eq. ͑13b͒ is small or if the spin-orbital-pair contributions in the form of Eq. ͑13b͒ are small by themselves, we obtain an approximation d(R)Х8h(2R) between the total extracule and intracule densities. Our previous study ͓4͔ on the intracule density has clarified that in position space, the 1s␣1s␤ spin-orbital pair gives a predominant contribution to the total density h(u). Since Eq. ͑13a͒ is valid for the 1s␣1s␤ pair, we anticipate that the behavior of the extracule density d(R) will be similar to that of the intracule density h(u) in position space. In momentum space, however, it has been shown ͓4͔ that major contributions to the intracule density h (v) come from pairs of valence spin orbitals. Equation ͑13b͒ appears more often for these spin-orbital pairs, and therefore we expect that in momentum space the behaviors of the extracule d ( P) and intracule h (v) densities may show some differences. These anticipations will be actually confirmed in Sec. IV.
III. COMPUTATIONAL METHOD
For the neutral atoms He (Zϭ2) through Xe (Zϭ54) in their experimental ground LS term ͓11͔, we have previously confirmed ͓3͔ that among (2Lϩ1)(2Sϩ1) degenerate states, there exists at least one state with specific z component M L and M S values of L and S that results in a single determinant wave function, where L and S represent the total orbital and spin angular momentum quantum numbers, respectively.
For these ground LS states of the 53 atoms, the radial functions R j (r) in position space have been generated by the numerical Hartree-Fock method based on a modified and enhanced version of the MCHF72 code ͓12͔. Then the products r 2 R j (r)R k (r) of two radial functions have been numerically Hankel-transformed to obtain W l jk (s), by using the algorithm of Talman In momentum space, the position-space radial functions R j (r), generated by numerical Hartree-Fock calculations, have been first Hankel transformed to obtain the momentumspace radial functions P j (p) according to Eq. ͑11͒. Then the same procedure as in position space has been applied to derive d jk (P).
IV. RESULTS AND DISCUSSION
Throughout this section, total extracule densities are normalized to unity instead of N(NϪ1)/2 for all the 53 atoms in order to avoid large numbers and to facilitate mutual comparison. Accordingly, all the spin-orbital-pair components are normalized to 2/N(NϪ1) and the subshell-pair contributions are obtained as their partial sum.
A. Extracule density in position space
Position-space extracule densities d(R) are exemplified in Fig. 1 for a few selected atoms in their ground states. All the extracule densities shown in Fig. 1 tions with respect to the nucleus. Some discussion on the property of the electron-electron counterbalance density d(0) is found in Refs. ͓9,10,15͔.
A decomposition of the extracule density into subshellpair contributions shows that for all the atoms, the five largest contributions to d(R) come from the inner subshell pairs 1s1s, 1s2s, 1s2p, 2s2p, and 2 p2p, which consist of 1, 4, 12, 12, and 15 spin-orbital-pair contributions, respectively, when fully occupied. For the Zn atom (Zϭ30), Fig. 2 illustrates these five contributions out of the total 28 subshell-pair contributions. Clearly, the 1s1s subshell pair is seen to give a significant contribution for the region RϽ0.02, and the 1s2p subshell pair is largest for 0.02ϽRϽ0.10. These two contributions are unimodal with a maximum at Rϭ0 and form the monotonically decreasing behavior of the extracule density d(R). Due to Eq. ͑13b͒, the contribution of the 1s2 p subshell pair is slightly different in d(R) and h(u); in a small R or u region, the pair has a larger density in d(R) than in h(u). Figure 3͑a͒ shows the contributions from five spin-orbital pairs with different spins; 1s␣1s␤, 1s␣2s␤, 1s␣2p 0 ␤, 2p Ϫ1 ␣2p ϩ1 ␤, and 2s␣2 p 0 ␤. Because of Eq. ͑13a͒, all these contributions have essentially the same behavior as that we have already discussed ͓4͔ for the intracule density. We here simply note that the 1s␣1s␤ pair gives a unimodal distribution with a maximum at R ϭ0, and its contribution is more than ten times larger than the other four contributions. Figure 3͑b͒ shows the contributions from four spin-orbital pairs with the same spin; 1s␣2p 0 ␣, 2s␣2p 0 ␣, 1s␣2s␣, and 2p Ϫ1 ␣2p ϩ1 ␣. The first two contributions are unimodal with a maximum at R ϭ0, while the last two are unimodal with zero at Rϭ0 and a maximum away from Rϭ0. The property d jk (0)ϭ0 is known ͓10͔ as the electron-electron counterbalance hole and valid for any contribution from spin orbitals j and k with the same spin and with the same inversion symmetry. The counterbalance hole implies that these electrons cannot be at the opposite positions with respect to the inversion center and is a consequence of the antisymmetry of electronic wave functions as the electron-electron coalescence or Fermi hole.
Since the essential feature of spin-orbital-pair contributions shown in Fig. 3 for the Zn atom is the same for all the 53 atoms, we conclude that the position-space extracule density d(R) is a unimodal function with a maximum at Rϭ0 due to the predominant 1s␣1s␤ spin-orbital-pair or 1s1s subshellpair contribution, and has a behavior similar to the corresponding intracule density h(u) apart from two constant factors appearing in Eq. ͑13a͒. Figure 4 exemplifies the momentum-space extracule density d ( P) for the same atoms examined in Fig. 1 in position space. In contrast with a single common modality observed for the position-space densities, Fig. 4 shows that there are at least two different types of modality in the momentum-space extracule densities. The extracule densities d ( P) of F and Zn atoms are unimodal functions with a maximum at Pϭ0. The extracule densities of K and Mo atoms are unimodal with a maximum at Pϭ0.2266 and at Pϭ0.3018, respectively.
B. Extracule density in momentum space
A systematic examination of all the 53 atoms concludes that the momentum-space extracule densities are classified into two types based on the location of the maximum:
Type A: Unimodal extracule density with a maximum at Pϭ0. The next 42 atoms have densities of this type; group 2 atoms, transition atoms Sc-V, Mn-Ni, Zn, Y, Zr, Tc, Pd, and Cd, and group 13-18 atoms. All these atoms have two electrons in the outermost s orbital.
Type B: Unimodal extracule density with a local minimum at Pϭ0 and a maximum at PϾ0. The next 11 atoms have type B densities; group 1 atoms and transition atoms Cr, Cu, Nb, Mo, Ru, Rh, and Ag. All these atoms have a single electron in the outermost s orbital. Table II summarizes the above classification of the momentum-space extracule density d ( P) together with the maximal subshell-pair contribution to it. If we introduce symbols S, P, and D for the outermost s, p, and d subshells, respectively, and a symbol SЈ for the second outermost s subshell, the subshell-pairs appeared in Table II are grouped into only four types SS, SSЈ, SP, and PD. Thus, it is immediately seen that the momentum-space extracule density d ( P) is governed by a few outermost subshell pairs and depends explicitly on the valence electronic configuration of an atom, in marked contrast to the position-space extracule density. In general, two neighboring atomic subshells have different spatial inversion symmetries to which Eq. ͑13b͒ applies. As a result, the extracule d ( P) and intracule h (v) densities in momentum space show different behaviors. For the intracule density h (v), we have observed ͓4͔ three types of the modality and five types of major subshell-pair contributions.
Table II also tabulates the maximum value d max ϵd(P max ) of d (P) and its location P max , which characterize the distribution of the momentum-space extracule density. When atomic number increases within a period, there is a trend that d max decreases, although it is subject to some exceptions. A special case of d ( P) at Pϭ0, d (0), represents ͓15͔ the electron-electron counterbalance density in momentum space, which is the probability density for a pair of electrons to have exactly opposite momenta. For Zϭ2 -4, the ratio d (0)/h (0) is 8 exactly, but for Zϭ5 -54, it irregularly distributes between 8.432 and 17.439, reflecting the difference in the extracule and intracule densities for these atoms in momentum space.
For the Zn atom having type A density, Fig. 5 depicts four major subshell-pair contributions, 4s4s, 3p3d, 3d4s, and 3s4s. These subshell pairs consist respectively of 1, 60, 20, and 4 spin-orbital pairs, when the subshells are fully occupied. The first two subshell-pair contributions are unimodal with a maximum at Pϭ0, while the last two are unimodal with a maximum away from Pϭ0. The modality of d ( P) of the Zn atom is attributed to the largest 4s4s or SS contribution. The type A modality of atoms with an outermost s(2) configuration is explained analogously except that for the group 13-18 atoms, the SP contribution is larger than the SS one. Figure 5 also shows that the type B modality appears if we remove the SS contribution as in the case of atoms with an outermost s(1) configuration. We note that the type A modality of d ( P) is explained based only on the largest subshell-pair contribution given in Table II , but the type B modality comes from secondary subshell-pair contributions with a maximum at PϾ0. Figure 6 shows some spin-orbital-pair contributions d jk (P) to d(P) for the Zn atom. Figure 6͑a͒ compares the contributions from five spin-orbital pairs with different spins; 4s␣4s␤, 3s␣4s␤, 3p 0 ␣3d 0 ␤, 3d Ϫ1 ␣3d ϩ1 ␤, and 3d 0 ␣4s␤. Due to Eq. ͑13a͒, the behavior of these contributions is essentially the same as those examined ͓4͔ for the intracule density. The first four spin-orbital pairs have type A distributions, whereas the last spin-orbital pair has type B distribution. When 3d orbitals participate, the contribution of the spin-orbital pair is about 1/100 times smaller than that of the 4s␣4s␤ spin-orbital pair. Figure 6͑b͒ shows the contributions from four spin-orbital pairs with the same spin; 3s␣4s␣, 3d 0 ␣4s␣, 3d Ϫ1 ␣3d ϩ1 ␣, and 3p 0 ␣3d 0 ␣. As discussed in the Sec. IV A the spin-orbital-pair contributions with the same spin and even l j ϩl k have zero value at P ϭ0 due to the counterbalance hole in the Hartree-Fock theory, and hence such spin-orbital pairs always contribute to type B distributions. The first three pairs belong to this group. On the other hand, the 3p 0 ␣3d 0 ␣ pair with l j ϩl k ϭ3 is unimodal with a maximum at Pϭ0.
The analysis of spin-orbital-pair contributions leads us to the conclusion that in momentum space, the type A modality of the extracule density is mainly due to electrons with different spins in SS and SP subshell pairs. On the other hand, the type B modality comes mainly from electrons in SD subshell pair and from electrons with the same spin in SSЈ, PP, and DD subshell pairs.
V. CONCLUSION
Within the Hartree-Fock framework, the theoretical structure of the spherically averaged extracule densities d(R) in position space and d ( P) in momentum space has been clarified in relation to the corresponding intracule densities h(u) and h (v). Using the numerical Hartree-Fock method, we have systematically constructed these extracule densities for the atoms He through Xe in their ground state. The contributions of subshell pairs and spin-orbital pairs to the total extracule density have been analyzed in both spaces. For all the 53 atoms, the position-space extracule density has been found to be a unimodal function with a maximum at Rϭ0 due to the predominant 1s1s subshell-pair contribution. In momentum space, however, the extracule densities have been classified into two types based on their modalities. We have further found that the different modalities in the momentum-space extracule densities originate from a few outermost subshell pairs.
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